BULK SUPERCONDUCTIVITY IN TYPE II 
SUPERCONDUCTORS NEAR THE SECOND CRITICAL FIELD 
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Abstract. We consider superconductors of Type II near the transition from 
the 'bulk superconducting' to the 'surface superconducting' state. We prove 
a new L°° estimate on the order parameter in the bulk, i.e. away from the 
boundary. This solves an open problem posed by Aftalion and Serfaty IASI . 



1. Introduction 

We consider a superconducting wire of cross section fl C R 2 , which we assume 
to be regular and bounded. The state of the material is described by the Ginzburg- 
Landau functional, which we write as 

S(V,A)= / \p K aA^\ 2 -^W? + ^rW\ 4 dx+{K<jf [ |curlA-/3| 2 dx . (1.1) 
Jn * Jn 

We use the notation pa = (— iV + A) for the magnetic gradient. In (jl.lj) n, a are 
positive parameters, the wave function (order parameter) tp describes the supercon- 
ducting properties of the given material and (Kcr)curlA gives the induced magnetic 
field. The function (na)(3 represents the external magnetic field and in this paper 
we will for simplicity consider the case (3=1, corresponding to a constant external 
field of intensity na. We refer to [deGel|Ti] for a general introduction to the Physics 
of superconductivity and the Ginzburg-Landau model. 

Consider the case <r = £, with b > 0. In the limit k — ► oo (called Type II limit), 
the following scenario presents itself. If b < 9o, where 9o ~ 0.59 is a universal 
constant, the only minimizer of Q (for large n) is the state (ip — 0, A = F), where 
curlF = 1 |LuPa|, lHcPa, For! el]. This is interpreted as the loss of superconductivity 
for large external magnetic fields and the value of a where this happens is denoted 
by Hc 3 and is called 'the third critical field'. 

Physicists consider a second critical field, Hc 2 which can be described as follows — 
a precise definition being difficult to give. If a < Hc 2 , the material is in its su- 
perconducting state in (a part of) the interior of the sample, whereas for a > Hc 2 
superconductivity is restricted to a narrow region near the boundary of Q. Different 
investigations show that — for large values of k — this transition takes place near the 
value a = k, so even though this critical field is difficult to define, one expects that 
H C2 «« |55llPa5]. 

In this paper we will study what happens in the limit of large k — the Type II 
limit — when c = f with b close to, but above the value 1. In the terminology 
of superconductivity, this means that we study the parameter region close to but 
below the second critical field. In this region the so-called Abrikosov lattices of 
vortices are supposed to appear, but their description depends on a finer analysis 
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than what will be carried out in the present paper (see [AS[ IAhn[ ISSj for results in 
this direction). 

Our main result, Theorem 12.11 below, gives for any 5 > the existence of a 
constant C > such that if b > 1, K is large enough and (ip, A) is a minimizer of 
then 



\\ip\\L°°{{xen:dist(x,dn)>5}) < C\/b - 1. (1.2) 

This implies tha,t in the interior of the sample, superconductivity is weak in the 
uniform norm as b approaches 1. Theorem 12.11 thereby answers a question posed 
in |SS[ p. 944 just below (1.20)] and more explicitly in jASl List of open problems 
p.7]. 

Notice that is not expected to become small at the boundary when b ap- 
proaches the value 1 Pan, AlHej. 

Our interest in this problem was sparked by discussions with S. Serfaty. We 
would like to thank her for pointing our attention to this interesting problem. 

We end this introduction by discussing the optimality of the estimate in (|1.2p . 
According to |SS[ Theorem 1.4] (notice that the symbol b in [SSJ denotes a different 
quantity than in the present paper) there exists a continuous, decreasing function 
g : [0, 1] — * [0, 1] such that if b > 1, if (ip K , A K ) K >i denotes a family of minimizcrs 
of Q with a = -| and if {-B K } K >i is a family of balls such that 

(1) K radius (5 K ) — * oo, 

(2) b k ndn = o, 

then 

m'dx^gib- 1 ). (1.3) 

Furthermore, the function g satisfies the double sided bound 

ail-b-^Kgib-^Kil-b- 1 ) 2 , (1.4) 

for some a: < a < 1. 



Combining (|1.3[) and (|1.4[) we see that \tf} K \ is of order \/b — 1 for b near and 
above 1 and in the i 4 -average sense given by (|1.3|) . More precisely, (by taking the 
balls B K to be contained in {x € £1 : dist(a;, dVL) > 5}) we get the lower bound 



Ummf ||^ re ||loo ({x6n . di8t(x , M) > 5}) > hminf ||^«||1oo (Bk) 

. (b — D 2 
> a- 



6 2 ' 

complementary to (|1.2[) thereby yielding the optimality of the inequality. 



2. Uniform estimates on the Ginzburg-Landau system 

We will study solutions to the Ginzburg-Landau equations, i.e. the stationary 
points of the GL-functional. For concreteness, let us assume that SI C I 2 is a 
bounded, smooth and simply connected domain. These assumptions are likely to 
be unnecessarily restrictive, but they cover the most interesting cases and allow us 
to work without worrying about topological problems and regularity questions. 
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The Ginzburg-Landau equations are 

pLa^> = « 2 (i -_M 2 )V> 

Curl 2 A = - ^:3ir^ PnaA^ 

V ■ PnaAlp = 

curl A = 1 



in 0; (2.1a) 
on 90. (2.1b) 



Here, for A = [Ai,Ai), curl A = d Xx A% — d X2 Ai, and 

curl 2 A = (d X2 (curl A), —d xi (curl A)) . 

Using gauge invariance it is of no loss of generality to consider only (weak) solutions 
W>,A) of flUJ) satisfying that (tp, A) G ii^O.C) x H^ V (Q,), where 

^div(^) = { V = ( V i, V 2) e ^(O) 2 | divV = in 0, V ■ v = on dft\ . (2.2) 

The space H^ iv (fl) inherits the topology (norm) from i? 1 (17;]R 2 ). We denote by F 
the unique vector potential in H (f2) with curl F = 1 . 

When we want to stress for which values of the parameters k, a the system 1(2.10 
is considered we will place these as indices. For instance we will say that (tp, A)« )<7 
is a solution to (|2.1|) . 

Recall (see for instance (DGPj for a proof) that by the maximum principle we 
have the estimate 

Woo<l, (2.3) 

for all solutions to (|2.ip . 

We will in this paper use the notation \t\ + for the 'positive part', i.e. the function 

R3t^ \t\+ := max(t,0). 

Our main result, the precise version of (|1.2jl . is as follows. 



Theorem 2.1. 

There exists a constant Cmax > such that if g± : M + — > R + with gi(n) — > +oo, 
and 91 — — ► flSK^oo and 

re 

w K := {x G n : dist(x, 90) > (2.4) 
t/ien there exists a junction g^ '■ R+ — > wt/i (72 (f) — » as K — * 00 suc/i i/ia£ 

ll^llL^^)<C( 2 ) x |^l|; /2 +.g 2 ( K ), (2.5) 
/or aZZ solutions (ip,A.) K _ a to ((2.1[) loif/j k > 1. 

In the proof of Theorem 12.11 we will use the a priori estimates 

||A - F|| W2 , P(0) < C p 1 + /Cg + K2 |M| 2 Moo, (2-6) 

valid for all k, a > and all solutions of (|2.ip established in [FoHe21 Equation 
(3.9)], and (FoHe21 Equation (3.15)]: 

||curlA-l|| a < -IMUMIa- (2.7) 
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Proof. By (|2.3|) the statement for n > 2a is obvious. On the other hand, by Giorgi- 
Phillips [GlPh] (see also [FHBkj ) . if 

a > C GP max{ K , 1}, (2.8) 

then all solutions to (|2.1|) have ip = 0. Thus it suffices to consider the case 

C _1 k < a < Ck, k>1. (2.9) 

Suppose for contradiction that (|2.5[) is false. Then, for all N > sufficiently large 
there exists a sequence {(ip n , A n , K n ,a n )} ne jq with (ip n , A n ) Kn , an solution to (|2.ip 
and such that k„ — > oo and 

Wn\\ L °° M >N\— -1^ + JV- 1 . (2.10) 

Due to (|2.9p we may assume, by possibly extracting a subsequence, that 

— -^be [C-\C]. (2.11) 

Using (|2.6|) and the compactness of the imbedding W 2,P (Q) — ► C 1,1 / 2 ^) for p > 2 
we may assume — by possibly extracting a further subsequence — that 

A n — > A in C M/2 (n). (2.12) 

By ([27F|) we have 

curlA = 1. (2.13) 

Let P n £ iv Kn be a point with \^ n {P n )\ = ||^n|U»(a; K „)- By (jSTOji and {23]) we 
therefore have 

A^ 1 < |^«(Pn)| < I- (2-14) 
After extracting a subsequence we assume that 

P„ -> P € H. (2.15) 

We consider the scaled functions 

, , A„(P„ + ^=)-A„(P„) 

J-/ V KnO~n 

MV) ■= e- i ^^^ A ^ P «)•^»( J Pn + -7^=). 

Let i? > 0. Since <7i(k) — > +oo, a„, ^> n are defined on B(0, R) for all n sufficiently 
large. The equation for ip in (|2. la[) implies, since diva„ = 0, that 

-Aip n - 2ia. n ■ Vf n + \a. n \ 2 (p n = — (1 - \tf n \ 2 )fn- ( 2 -!6) 

The convergence from (12.12)) and (|2.15p imply that 

a»(») -H- F(y) := £>A(P)j/, (2.17) 

with convergence in C 1 / 2 ^^, i?)) for all P > 0. By (|2~13|) we find 

curlF=l. (2.18) 

The uniform (in n) boundedness of the coefficients to the equation (|2 . 1 6[) for ip n 
implies boundedness of {ip n } C W 2 ' p (B(0, R/2)) for all p < oo and all R > 1. The 
compactness of the imbedding VF 2 ^ — > C 1 (for p > 2) implies that we may extract 
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a convergent subsequence in C 1 (B(0, R/2)). A diagonal sequence argument now 
gives the existence of a limiting function ip G L°°(R 2 ) with 

iV- 1 + N\b - ll 1 / 2 < WvWl-^ < 1, (2.19) 

and 

HV+F)V = i)(l- M'V- (2-20) 
Since curlF = 1, this is a contradiction to Theorem 13. II below if N > C max . □ 



3. Estimates for the global problem 

We will consider the following equation of Ginzburg-Landau type, 

plu = 6(1 - \u\ 2 )u, on R 2 , (GL b ) 

where b G K is a parameter and F satisfies curlF = 1 in R 2 . For concreteness we 
use the gauge freedom of the problem to fix the choice 

F=(-x 2 /2, Xl /2). 

Theorem 3.1. 

(i) If u G L°°(R 2 ) is a solution to QGLfeD im£/i 6 < 1, £/ien u = 0. 

(ii) There exists a universal constant C max > such that if u G L°°(R 2 ) is a 
solution to flG-LfaP wit/i 6 > 1, i/ien 



< min{l,C max V6^T} (3.1) 

It is well-known LuPal IFoHe21 IFHBk| that the equation flGLbD only admits 
trivial L°°-solution^ if b < 1. Also, it is a standard consequence of the maximum 
principle that bounded solutions satisfy 

H|oo<l. (3.2) 

Thus only the second half of (|3.ip needs to be proved. 
Define 

S(b) := {u G L°°(R 2 ) : u solves d&Q j. (3.3) 

and 

M{b) := sup Hulloo. (3.4) 

The starting point is the following lemma. 

Lemma 3.2. As e \ 0, we have the following estimate 

M(l + e)=o(l). (3.5) 

Proof. The proof is by contraposition in the spirit of [FoHe2 . LuPa . Suppose that 
Lemma 1531 is wrong. Then there exists a sequence {e n }nGN C R+ with e„ — > and 
an associated sequence cj> n of solutions to (GLi +tn ) with 

H^nllco > 6 > 0. (3.6) 

Clearly, there will then exist a point x n G R 2 with |^ ra (x„)| > 8/2. By magnetic 
translation invariance of \GLjj\ we may assume that x n = for all n. 



^The case b < 1 can be considered a magnetic special case of a Theorem by Sch'nol ISch'nl 
ICFKSJ . 
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By elliptic regularity and d3T2j) , {>„} is bounded in W 2 ' P (B{N)) for all N e N 
and all p < oo. By compactness we may — for any given s < 2, p < oo and N € N — 
extract a convergent subsequence in W S,P (B{N)). 

By a diagonal sequence argument we get a S (R 2 ) and a subsequence — 
still denotes by {0 n } such that 

||07i - 0IIw s -p(s(jv)) — > 0, 

for all N. In particular, we see that ||0||oo < 1) 

|0(O)| > 5/2, (3.7) 

and solves (GL\). But we know from FoHe2, Proposition 4.1] (or part (i) of 
Theorem 13. ip that the only bounded solution to (GLi) is <fr = in contradiction to 
(I3.7[) . This finishes the proof of Lemma I3~2l □ 
Proof of Theorem \3.1\ 

Suppose for contradiction that a sequence of solutions {<fin} to (GLi +tri ) exists with 

-►oo. (3.8) 



Define A„ := ||0 rl ||oo- By magnetic translation invariance, we may assume that 
1 0n (0)1 > Consider the function /„ := A^ 1 ^. This function satisfies ||/n||oo < 
1 and 

p 2 F fn = b n (l- A 2 n \ f n \ 2 )f n , (3-9) 
with b n := 1 + e n - After possibly extracting a subsequence, we find 

f n - / e < 7 C 2 ' 2 (K 2 ) ^ C (K 2 ), (3-10) 

where / satisfies the lower bound 

1/2 < |/(0)| < H/IU < 1. (3.11) 

Using Lemma 13.21 we get the limiting equation for /: 

Vlf = /• (3.12) 

Thus / lies in the lowest Landau band. 

Let n be the projection on the lowest Landau band. This operator is given 
explicitly by the integral kernel 

n (x,y) = —ei^-^v^e-U^-nf^ (3.13) 
2tt 

in particular, we see that no is a bounded operator on L 2 (R 2 ) and on L°°(R 2 ). By 
interpolation, no is continuous on L P (R 2 ) for all p £ [2, 00]. 

The boundedness of /„ and elliptic regularity applied to (|3.9p imply that the 
conditions of Proposition 13.31 below are satisfied. Therefore, we get by application 
of n to ((379]) that 

Q = Il o{^-\fn\ 2 )fn}(x), for all xEM 2 . (3.14) 

Using (|3.8p and passing to the limit in (13. 14[) using (|3.13p and dominated conver- 
gence, we obtain 

n {|/| 2 /} = o. (3.15) 

By Proposition l3.4l below we therefore conclude that / = 0, which is in contradiction 
to f3~TT|) . □ 
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Proposition 3.3. Suppose that f,p^f £ L°°(R 2 ) n C(R 2 ). Then 

(n (p| - l)/)0) = 0, /oraZ/ i£l 2 . 

Proof. By continuity of /, boundedness of / and gaussian decay of the kernel of 
ilo we get that Tlof is continuous. The same argument applies to Ilo(pp/) and 
therefore IIo(pp — 1)/ is continuous. Therefore, it suffices to prove that 

^ <p(x)(n (pl-i)f)(x)dx = o, 

for all <p £ C(5°(R 2 ), which is immediate. □ 

Proposition 3.4. 

Suppose that f £ L°°(R 2 ) satisfies 

plf = f, and n (|/| 2 /) = 0, (3.16) 

then f = 0. 

Below we will use the localization functions \R defined as follows. Let \ £ 
C°°(R) be even, non-increasing on R + and satisfy 

X(t) = 1 for \t\ < 1, X (t) = for \t\ > 3/2. (3.17) 

Define, for R > 0, x £ M 2 , 

X r(x) := X (\x\/R). (3.18) 

Proof of Proposition \3.4\ 

Since / £ L°°(R 2 ), we clearly have 

/ \f(x)\ 4 dx <CR 2 , (3.19) 

J{\x\<R} 

for all R > 0. We will prove that one can recursively improve the power of R in 
(|3.19p . i.e. if the estimate 

/ |/(z)| 4 dx < CR S , (3.20) 

J{\x\<R} 

holds for all R > 1 and some constant C, then there exists a new constant C such 
that 

/ \f{x)\ 4 dx <C'R s -i, (3.21) 

J{\x\<R} 

for all R>1. 

Since we get a negative power of R after a finite number of steps that will imply 
that / = 0. Thus we only need to prove that (|3.21[) follows from (|3.20p . 
We calculate, using (p^ — l)f = 0, 

{( P l-l)XRf\XRf) = \\^XR)f\\l<^ I \f\ 2 dx 

K J{\x\<2R} 



I \f\ A dx<C"Ri-\ (3.22) 

K V J{\ x \< 2R } 

This gives, by L 2 -projection, and dropping the primes on the constant 

\K(XRf)\\ 2 2 < CRi- 1 , (3.23) 
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where we have introduced the notation Hq := 1 — ITo. Using that Ilo is bounded 
from L°° to L°° we get that || IIq (X-R/) II oo < C, and by interpolation 

\\K(xRf)h < \K(XRf)\\l\\^o(XRf)\\i < C'Ri-i. (3.24) 
We now write 



XR\f\ 4 dx= / XRfKdfl f)dx 



XRf^oX2R(\f\ 2 f)dx + J XR,fK^-X2R){\f\ 2 f)dx 
Ko(XRf) I X2R(\f\ 2 f)) ~ I XrJW - X2R)(\f\ 2 f)dx. 



Here we used that 11^ = 1 — IIq and that x_r(1 — X2r) = to get the last identity. 

By Holder's inequality combined with (|3.24p and Lemma 13.51 below, we can 
therefore estimate 



XR\f\ 4 dx < \\n^( X Rf)HX2R\f\ 2 fh/3 + Ce-T-^ 

< CRJ-^RJ S : + Ce-Te R \ (3.25) 
Therefore, we get for some new constant C > 0, 

/ \f\ A dx<CR 2 ~^, (3.26) 

J{\x\<R} 

which is (|3.21|) . This finishes the proof. □ 
Lemma 3.5. 

There exists a constant C > such that 



I {(1 - X2R.)HoXru} valx< Ce~ R2 / 16 , 
Jr 2 



for all u,v £ L°°(R 2 ) with ||u||oo, IMloo < 1 and all R > 1. 
Proof of Lemma \3.5l 

Upon inserting the explicit integral kernel of Ho , we get 

[{(l-X2R}U oX Ru}vdx <C [ f e-\ x ~y\ 2 l 2 dxdy 

J J{\x\<3R/2} J{\y\>2R} 

<C'R 2 [ e-^~ 3R ^ 2 / 2 dy, 

J{\y\>2R} 

from which the estimate is immediate. □ 
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